A variation of Dyck paths allows for down-steps of arbitrary length, not just one. Credits for this invention are given to Emeric Deutsch. Surprisingly, the enumeration of them is somewhat akin to the analysis of Motzkin-paths, although from a combinatorial point of view, this is not yet quite well understood.
INTRODUCTION
Cameron [2] considers non-negative lattice paths with an up-step of one unit and downsteps of 2, 4, 6, . . . units. She gives (loc. cit.) credits to Emeric Deutsch for inventing these paths. Before we engage into further analysis of this situation (in a future publication), we will consider here the more modest model of down-steps of 1, 2, 3, 4, . . . units. Lattice paths with various step sizes have been thoroughly studied by Banderier and Flajolet [1] , but never for an infinite number of possible steps.
We will call these paths Deutsch paths, 1 and require that they are non-negative and finish on a prescribed level i. If i = 0, which is the analogue of Dyck paths, we talk about a closed Deutsch path. Since the up-steps and down-steps are not symmetrical, we can also investigate the model where the paths develop from right to left. In this case we talk about reversed Deutsch paths.
Somewhat surprisingly, the computations that we will perform, lead us the world of Motzkin paths. Recall that the generating function of Motzkin paths (up-step, level-step, down-step)
Here, as first shown in [7] , the substitution z = v 1 + v + v 2 is beneficial:
Introducing trinomial coefficients via
The fact that Dyck paths and Deutsch paths sound so similar is also a bonus. 1 (notation is from Comtet [3] ), we can compute the Motzkin numbers
For the analysis of Deutsch paths, we will see that the same substitution works extremely well, and explicit answers can be given in terms of trinomial coefficients. From a combinatorial point of view, it is less clear why this works; some bijective arguments are left as a challenge for the future.
ENUMERATION OF DEUTSCH PATHS
We introduce an upper boundary h, so that the paths live in a strip. This has the advantage that generating functions can be described by a system of linear equations, and solving it can be done by Cramer's rule. This involves the compution of some determinants.
We present the example of h = 4, and the generating functions ϕ i (z) describe bounded Deutsch paths ending at level i.
The n × n determinant
1 − v of this system is of importance. It will eventually turn out that
which can be obtained from the recursion
Applying Cramer's rule leads then to
Of special interest is the generating function of closed bounded Deutsch paths:
. Taking the limit h → ∞ leads to the enumeration of closed Deutsch paths, as originally desired:
We can read off the coefficients explicitly:
The enumeration of closed Deutsch paths of height ≥ h
is of interest, and we will discuss asymptotics of the average height in a later section.
Here is the generating function of bounded Deutsch paths with (arbitrary) open end:
In the limit h → ∞, this leads to
which is the generating function of Motzkin paths, according to length. A combinatorial explanation would be desirable.
ENUMERATION OF REVERSED DEUTSCH PATHS
This enumeration is quite similar, only the matrix is transposed: The determinant is the same as before, but the application of Cramer's rule is slightly more unpleasant, as we have to distinguish cases. We only present the final results; intermediate calculations are not really difficult, but require some concentration.
and the limit of this for h → ∞:
The enumeration in terms of trinomial coefficients: n, 3 n − n, 3 n − 1 − n, 3 n − 2 + n, 3 n − 3 .
THE AVERAGE HEIGHT OF CLOSED AND OPEN DEUTSCH PATHS
It was already worked out what the generating function of closed Deutsch paths is, and for the average height, one needs to compute
The standard procedure is to find the local behaviour of this near the singularity v = 1 ↔ z = 1 3 . A fairly detailed description of this can be found in [6] . Somewhat similar computations will also appear in [5] . We get This has to be divided by the total number of closed Deutsch paths, with generating function
The quotients is the average height of closed Deutsch paths (leading term only): 3 4 3 n n 9 8 3π 3 n n −3/2 = 2 πn 3 .
In the classical case of Motzkin paths [7] , this height is πn 3 , so Deutsch paths are about twice as high.
We would also like to do this type of analysis for open Deutsch paths, as they are exactly enumerated by Motzkin numbers. Recall the generating function h i=0
of open Deutsch paths, with height ≤ h. Taking differences, we get the generating function of open Deutsch paths, with height ≥ h:
This has to be summed:
with coefficients asymptotic to 3 n+1 n . This has to be divided by So open versus closed does not influence the (leading term of the) average height.
THE LU-DECOMPOSITION
We compute the LU-decomposition of the Deutsch matrix, where indices run from 1 to n. This isn't strictly necessary, but always interesting, and leads to the determinant as a by-product.
For the conformation, we make this computation:
Now let us consider the special cases, where U i,i appears:
In particular, we get for the determinant
which checks with our previous observation. Very briefly, we only cite the results of the transposed matrix (related to reversed Deutsch paths):
and zero for all other values of the U-matrix.
THE TOTAL AREA
The area of a closed Deutsch path a 0 a 1 . . . a n with a 0 = a n = 0 is defined to be a 0 + · · · + a n . With the generating functions that we worked out, the generating function of the total area, summed over all Deutsch paths of length n, can be computed:
= z 2 + 3 z 3 + 12 z 4 + 39 z 5 + 129 z 6 + 411 z 7 + 1300 z 8 + 4065 z 9 + 12633 z 10 + · · ·
We can also compute that
Dividing this by the total number of closed Deutsch paths 9 8 3π 3 n n −3/2 leads to π 3 n 3/2 .
One might even divide this by n, the length of the Deutsch paths, and can interpret πn 3 as the average elevation of a random closed Deutsch path of length n. Notice that the average height is about twice this quantity.
